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Abstract. Through a reciprocal transformation To induced by the conservation law 
dt{u^) = dx{2uu^), the Hunter-Saxton (HS) equation Uxt = 2uu2x + is shown to 
possess conserved densities involving arbitrary smooth functions, which have their roots 
in infinitesimal symmetries of Wt = the counterpart of the HS equation under To- 
Hierarchies of commuting symmetries of the HS equation are studied under appropriate 
changes of variables initiated by To, and two of these are linearized while the other is 
identical to the hierarchy of commuting symmetries admitted by the potential modified 
Korteweg-de Vries equation. A fifth order symmetry of the HS equation is endowed 
with a sixth order hereditary recursion operator by its connection with the Fordy- 
Cibbons equation. These results reveal the origin for the rich and remarkable structures 
of the HS equation and partially answer the questions raised by Wang [Nonlinearity 
23(2010) 2009]. 


AMS classification scheme numbers: 37K05, 37K10, 37K35 


Keywords: Reciprocal transformations, Symmetries, Recursion operators 

1. Introduction 

The following equation, known as the Hunter-Saxton (HS) equation, 

Uxt = 2 uu2x + ul, ( 1 ) 

where subscripts denote partial derivatives and Ujx stands for d^u/dx\ was proposed 
by Hunter and Saxton to describe weakly nonlinear orientation waves in a massive 
nematic liquid crystal direct held [9]. This equation has been studied extensively 
and various interesting properties have been established from different points of view 
p El [ini [m [la [la [n]. In particular, it was shown that the HS equation has 
a remarkable property ra, namely it can be derived from two different variational 
principals and one of them is the high-frequency limit of the variational principle for the 
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Camassa-Holm equation, which is completely integrable [5]. The bi-variational property 
implies that the HS equation ([1]) is a completely integrable bi-Hamiltonian system and 
may be embedded in the Harry Dym hierarchy jin]. The evolutionary form of HS 
equation 

Ut ^UUx (^) 

where the integrating operator is defined as the inverse of dx such that dxdf^ = 
df^dx = 1, was interpreted as a governing equation of shortwave perturbation in one¬ 
dimensional relaxing medium [8] . In addition to its physical importance, the HS equation 
is also remarkable in geometric view as the geodesic flow equation in a homogeneous 
space with right-invariant metrics (mm]. 

Recently, certain extraordinary algebraic and geometric properties of the HS 
equation were established, such as infinitely many [x, f)-independent conserved densities 
with free parameters [201 Theorem 2], and three non-equivalent hereditary recursion 
operators [20l Theorem 3], which yield three hierarchies of higher order infinitesimal 
symmetries (abbreviated to symmetries) independent of x and t. Symmetries belonging 
to the same hierarchy are commutative with each other, while those generated by 
different recursion operators non-commutative. This phenomenon is contrary to the 
common belief about (x, t)-independent conserved densities (or symmetreis) in the 
theory of integrable evolution equations jane], and distinguishes the HS equation from 
typical completely integrable equations, represented by the Korteweg-de Vries (KdV) 
equation [15]. As posed at the end of the paper [20], the fundamental and natural 
questions are: why does the HS equation possess so many conserved densities and 
symmetries, and where do they come from? 

This paper aims to answer these questions, and provides reasonable explanations 
about exceptional features of the HS equation. Two general philosophies in contents 
of symmetry methods [16] may lead us to the destination. On the one hand, linear 
equations usually exhibit rich symmetry structures, and as their disguises, linearizable 
equations inherit abundant symmetries from them. On the other hand, there are 
enormous symmetries for flow equations of basic point transformations, for instance the 
flow equation of x-translation ut = Ux takes all smooth functions F{u, Ux, U 2 x, ■ ■ ■, Unx) 
as its symmetries, while the flow equation of n-translation Ut = 1 admits symmetries like 
F{ux, U 2 x, ■ ■ ■, Unx), where F stands for an arbitrary smooth function of its arguments. 

It is noted that via reciprocal transformations the HS equation ([1]) is brought to 
either the Liouville equation [4] 


cfyt = 2exp(0), 

( 3 ) 

Wt = up'. 

( 4 ) 


an equation, which can be solvable by quadrature UT]. Since the Liouville equation 
is known as linearizable or C-integrable, its symmetries are very rich in the sense of 
involving arbitrary functions m- Furthermore, Equation (]1|) is equivalent to the flow 
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equation of u-translation = 1 by assuming w = —v so its symmetries are also 
enormous. In fact, general solutions to the HS equation CDi was constructed from 
solutions to Equation (jlj). We will take Equation (0]) as the key to reveal secretes of 
novel properties of the HS equation. 

This paper is organized as follows. In the next section, various reciprocal 
transformations, implied by different conservation laws, are shown to convert the 
HS equation ([1]) to Equation (|1|), and one of them (denoted as To), generated by a 
simple conservation law, will play a crucial role in constructing conservation laws and 
symmetries of the HS equation. Induced by this universal reciprocal transformation, 
a direct relation is built up between the linearized symmetry equation of Equation (01) 
and a class of conservation laws of the HS equation, and thus in section [3] two classes of 
conservation laws (Propositions 0] and 12]) with arbitrary functions are discovered for the 
HS equation. In section 0] we consider some hierarchies 120] of commuting symmetries of 
the HS equation by transforming them to familiar models through appropriate changes 
of variables, and in a similar way establish a hereditary recursion operator for a hfth 
order symmetries of the HS equation. As stated in the last section, these results give a 
reasonable explanation about the unusual algebraic properties of the HS equation, and 
partially answer questions raised by Wang [20] . 

2. Reciprocal relations between the HS equation (0]) and Equation (H]) 

We hrst review some facts on the reciprocal transformations for the HS equation, 
reported in [U [IT]. It was shown that the HS equation (0]) is changed to either the 
Liouville equation dS]) or Equation dl]), by a reciprocal transformation dehned by the 
following conservation law 

dt . (5) 

In fact, certihed by the conservation law dS]), a new variable 2 ; is dehned as 
dz = U 2 x^^ + ‘^uutj^dt^ 

and it serves as the spatial variable instead of x, and triggers an invertible transformation 

71/2 : ^ 

where w{z{x,t),t) = Ux, which relates the HS equation (0]) to Equations (]3]) and (0])- 
To formulate the HS equation (0]) in new variables, one should notice 



which is inferred from the chain rule of differentiation. With above transformation 
formulae, it is easy to check that the HS equation dl]) is converted to Equation (0]), 
while the conservation law itself (IS]) becomes 


qt = 2q‘^u^, 
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which may be rewritten as 

= 2qUz = 2ux = 2w. (6) 

Indicated by definitions of w and g, we have a relation between them, given by 
= U2x = qwz, 

which means q = w^- Then differentiating both sides of Equation ([6]) with respect to 2 ; 
yields 

dtdz (In g j = 2wz = 2g, 

which is identical to the Liouville equation ([3]) assuming g = exp(0). 

It should be pointed out that the reciprocal transformation T 1/2 can not he applied to 
all commuting flows of the HS equation, since the conserved density are not always 
involutory with others under the Poisson bracket defined by a nonlocal Hamiltonian 
operator This drawback limits the implications of 7i/2 and prevents it from 

clearly unfolding algebraic and geometric structures of the HS equation. An universal 
transformation for all commuting flows is expected, and we rest our hope on more simple 
conservation laws. 

As a byproduct, many conservation laws different from ([5]) can also be utilized 
to generate reciprocal transformations relating the HS equation ([1]) with Equation (jl]). 
Indeed, it is direct to check that the HS equation ([T]) admits a conservation law 

dt [ulF{r2)^ = (2uulF{r2)^ , (ra = (7) 

where F is an arbitrary smooth function of its argument. Basing on it, we define the 
change of variables 

Tf : ix,t,u) iy,t,w) 

where w{y{x, t),t) = Ux and y is given by 

dy = ulF{r 2 )dx + 2 uulF{r 2 )dt. 

Consequently, derivatives with respect to independent variables are related through the 
rule 



Under this new transformation Tp, the HS equation CDi is also converted to 
Equation (jll), while the conservation law ([7]) to 

qt = 2q\y, (8) 

and the relation between w and g in new independent variable y reads as 

g = w‘^F {qw~^Wy) . 

We also notice that Equation ([8]) can be reformulated as a conservation law 


Conservation laws and symmetries of Hunter-Saxton equation 5 

which allows us to define the inverse of Tf and recover the HS equation ([T]) from Equation 

B- 

1 /2 

Obviously, if one takes F{r 2 ) = r^ , then all the things return back to the previous 
results produced by the reciprocal transformation 7i/2- However a simpler choice for F 
is feasible, namely the conservation law ([7]) with F{r 2 ) = 1 gives 

dt {2uul^ , 

which results in the transformation 
To : (x,f,M) -)■ (2/,t,w), 
where w{y{x,t),t) = '^x and y is defined by 
dy = u^dx + 2uuldt. 

The conserved density is involutory with all others independent of x under the 
Poisson bracket defined by since the Hamiltonian flow generated by m^/ 2 is just the 

x-translation. Hence the reciprocal transformation To can be applied to any commuting 
flow of the HS equation. With its help, we manage to get a clear picture of the existence 
of abundant conservation laws, symmetries and recursion operators of the HS equation 
and this is the content of the subsequent sections. 


3. Conserved densities with arbitrary functions 


As an interesting observation, we notice that by means of the inverse of To the linearized 
symmetry equation of Equation (j4]), namely. 


is converted to 


dtF{w, Wy, W2y - , Wny) - 2wF{w, Wy, W2y - , Wny) 

= 0 , 


= 0 


Uxt='iuU2x+U% 


'd,(T„-\F)) - d,{2uT„-\F))) 

where the image of F under To~^ is given by 

T,p{F) = F(u^,upU2^,{upd^f{uV,---,{upd^)"{u^)y 


(9) 

( 10 ) 


In contents of symmetry methods [16], any function F{w,Wy,W 2 y---,Wny) is referred 
to as an infinitesimal symmetry of Equation dlj) if it satisfies Equation ([9]), while the 
function To~^{F) would be a conserved density of the HS equation if Equation flTOl) 
holds. The intimate relation between Equations (j9|) and (ITOj) enlightens us to produce 
conserved densities for the HS equation by applying To~^ to infinitesimal symmetries of 
Equation (jl|). 

Assuming w = —v~^, Equation (]1|) is further brought to 


Vt = l 


for which any smooth function G{vy,V 2 y, ■ ■ ■ ,Vny), not explicitly depending on v, is a 
symmetry. Coordinating with the transformation v = —w~^, any smooth function like 

w^G {dy{-w-^), • • • , diy{-w-^)) 
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solves Equation ([2]), thus does supply a symmetry of Equation (|1]). Applying 7^ ^ to it 
yields a conserved density of the HS equation, given by 

ulG{r2,r^,---,rn+i), 

which provides the conservation law 

dt rg, • • •, r„+i) j (2uulG{r2, rg, • • •, r„+i) j, 

where Vk+i = , A; = 1, 2, • • •, n. 

For the HS equation, it is remarked that the conserved densities with free 
parameters, constructed in a recursive approach [20] and formulated in our notations as 

■ ■ ■ ^n+i (*^i; *^ 2 , • • • 5 ttn are arbitrary constants.) 

can be understood as transparent corollaries of our result. The freedom brought in by 
free parameters is attributed to arbitrary smooth functions involved in symmetries of 
Equation (|4l), even more essentially, Vt = 1. 

Accompanying with a big family of conserved densities such that 

dt (yF{Uxi ^2x1 ' ' ' 1 dx (Uxi U2xi ' ' ' i i 

some questions naturally arise, including 

(i) Are there conserved densities other than M^G(r 2 , rg, • • •, r„+i) enabling Equation 
(ITT]) to be conservations laws for the HS equation? 

(ii) Is it possible to establish conservation laws of new type different form Equation 
flTT]) for the HS equation? 

These questions will be answered by the following propositions. 

Lemma 1 Let rg = and r^+i = {uf'^dxY {k = 1, 2, • • •), then 

dtvi = 2u{dxri) + 1 and dtVk = 2u{dxrk) (A; = 2, 3, • • •) 
when the HS equation (Qj) holds. 

Proof; By direct calculation, the evolution of rg is obtained, and then with aid of the 
recursive relation = uf‘^{dxrk), one may verify evolution equations for other r^’s by 
induction. I 

Proposition 1 For the HS equation, F{ux,U 2 x, ■ ■ ■ ,Unx) is a conserved density solving 
Equation 071) if and only if 

F{ux, U2x, • • •, Unx) = ulG{r 2 , rg, • • •, r„), 

where r^ ’s are defined in Lemma Q and G is an arbitrary smooth function of its 
arguments. 
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Proof; The sufficiency follows from the previous paragraphs, so we just prove the 
necessity by solving all conserved densities from the assumed conservation law flTT|) . 

To this end, we first consider the following invertible change of coordinates 

r : (Wa:, U2x, ' ' ' , Unx) ^ (^1, r2, ' ' ' , r^), 

which is well-defined since dvk/dukx = (fc = 1, 2, • • •). Then, the unknown function 
F{ux, U 2 x, ■ ■ ■, Unx) in the new coordinates is denoted as F{ri, r 2 , • • •, r„) and in this way 
the conservation law flTTl) yields 

0 = dt(F{ri,r2, - ■ ■ Cn)) - dx(2uF{ri,r2, ■ ■ ■ Cn) 


f) f) 

- 2uY,{dxrk)-^ + 2rr^F. 

k=l ^ k=l ^ 


Taking Lemma [U into account, we have 


0 = 5^2n(a,rfc)—+ —-2^5^—(aa,rfc) + 2ri F 

k=l k=l 


dF 
dr I 


2rf^F. 


Solving it by quadrature, we obtain 

F(ri, r 2 , • • •, Tn) = rf‘^G{r 2 , rg, • • •, r„), 

which implies F{ux, U 2 x, ■ ■ ■, Unx) = w^G(r 2 , r^, - ■ ■, rn), where G stands for an arbitrary 
smooth function of its arguments. I 

To get conservation laws of new type for the HS equation, let us consider a smooth 
function 

H{ux, U2x, • • •, Unx) = r7^P(ri, r 2 , • • •, r„), 

which evolves on solutions to the HS equation as 

dP 

dtH = -2rf^{dtri)P -h 


k=l 


= —2r 


-3 


ri) + 1^P + r^ 

dP 


dvk 

dP 
dr I 


+ ^ 2u{dxrk) 


k=l 


dP 

dri 


= dx(2ur^ Pj+r^ 

Therefore, if there exists Q{ri, r 2 , • • •, 'r„_i) such that 


dP 
dr I 


= rlidxQ), 


then H{uxi U 2 x, ■ ■ ■, Unx) = ‘^P{ri, r 2 , • • •, r„) would be a conserved density such that 

a new conservation law 


dtH = dx(2uH + qy 
Summarizing above discussion, we have 
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Proposition 2 For any smooth function Q{ri, r 2 , • • •, r„_i) {n >2), let 

P{ri,r2, - ■ ■ Cn) = J rl{d^Q)dri, 

then H{ux, U 2 x, ■ ■ ■, Unx) = ''" 2 , • • •, 'f'n) is a conserved density of the HS equation 

such that 

diF[(Uxi U2xy ■ ■ ■ ) ^nx) (Uxi '^2xy ' ' ' y ^nx')FQi^^ly ^2y ' ' ' y l)^ • (12) 

As an example, we will deduce a conserved density from a given smooth function 
( 5 (^ 2 ). Rewriting the recursive relation among r^’s as 

dxTk = ulvk+i = rf^Vk+i (fc = 1, 2, • • •), 

hence differentiating Q{r 2 ) with respect to x yields 

dxQ{r2) = {dxr2)Q'{r2) = rfV3Q'(r2), 

where Q'{r 2 ) = dQ/dr 2 , namely the prime denotes derivative with respect to the relevant 
argument. Subsequently, we have 

-P(n,r2,r3) = J rl{dxQ)dri = j r2,Q'{r2)dri = rir-iQ'{r2) +T(r2,r3), 

where T{r 2 yr^) is an arbitrary smooth function produced by integration. Therefore, a 
conserved density of the HS equation is given by 

H{uxyU2xyU3x) = rf^P{ri,r2,r3) = rf^r3Q'{r2) + rf^T{r2,r3) 

= -Ux(uf%3x - 4:Uf\l^'jQ'{r2) + ulT{r2,r3) 

= -uf^U3xQ'{r2) + duf^ul^Q'{r2) + ulT{r2,r3) 

= -uf^U3xQ'{r2) +ulf{r2,r3), 
where T(r’ 2 ,r 3 ) = 4 r 2 Q'(r 2 ) + T(r 2 ,r 3 ), and satishes 

dtPl {Uxy U2xy ^3x) dx i^^upl {Uxy U2xy ^3x) T ^(^ 2 )^ • 

Because M^T(r 2 ,r 3 ) is also a conserved density according to Proposition [H and satishes 
dt(ulf{r2,r3)^ = dx(2uulf{r2,r3)^, 

the conserved density H{uxy M 2 x, msx) may be replaced by an reduced one —uf^U 3 xQ'{r 2 ), 
with the corresponding conservation law 

( - uf^U3xyQ'{r2)^ =dx(^- 2uuf^U3xyQ'{r2) + Qir2)^ y {r2 = Uf%2x) ■ 

Both propositions are very fruitful to produce conserved densities with arbitrary 
functions, however the conserved densities constructed above do not exhaust all 
possibilities, for instance the HS equation may also have nonlocal conserved densities 
HI. As supplements to this section, nonlocal conserved densities with arbitrary function 
will be discussed in appendix. 
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The evolutionary form ([2]) of HS equation is formulated as Hamiltonian systems in two 
different ways 



where 5u denotes the Euler derivative with respect to u. Thus, the pair of compatible 
Hamiltonian operators and — df'^Ux) combines into a hereditary recursion 

operator 

= {uxdf"^ - df'^u^dx 

for the HS equation. It is well known that a typical integrable system often admits a 
hereditary recursion operator. However, for the HS equation, what is interesting is that 
it possesses new recursion operators other than TZ{u). Indeed, by classifying a kind of 
anti-symmetric operators constituting Hamiltonian pairs with Wang isolated three 
hereditary (or Nijenhuis) recursion operators for the HS equation ((2)), namely 

= {2uf^dx + ‘2^dxUf^ - uf^^'^usxdf^uf^^'^usx^dx, 

7^(2)(y) = (u^uf^dx + dxuluf^ - Suxdf^u^dx, 

= (^uf'^dx + dxUf"^ — Ahdf^Ux — Auxdf^hjdx, {h = uf^u^x — 

and clearly showed is indeed the inverse of Tl{u) so not a truly new recursion 

operator, but the other two are new ra- As implications of these hereditary recursion 
operators, three hierarchies of commuting symmetries for the HS equation could be 
formulated as 

AtisM = (n = 0 , 1 . 2 ....), 

AtUV = 

where the subscript j in the symbol (u) indicates the highest order of x-derivatives 
of u, and usually is referred to as the order of symmetry. The leading (i.e. the third 
order) symmetry in each hierarchy was captured by investigating involution of some 
conserved densities under the Poisson bracket defined by , and in the same way, Wang 
conjectured [20] there would be another hierarchy of commuting symmetries leading by 

= df^6u {{usx - ) 

but the corresponding hereditary recursion operator is not known. 

To get a clear picture of those symmetries and recursion operators listed above, 
we will reformulate them in appropriate variables, and in such way we even establish 
an hereditary operator for This plan is supported by two notions: on the one 

hand, as image of the HS equation ([1]) under the reciprocal transformation To, Equation 
(14|) admits abundant but more accessible symmetries; on the other hand, the reciprocal 
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transformation To could be extended to all x-independent symmetries of the HS equation 
(1^ since u^. produces the trivial x-translation symmetry as 

which qualifies as a common conserved density of all commuting flows corresponding 
to these symmetries. 

To proceed, we first recall some relevant facts on symmetries and their behaviors 
under transformations mu- Suppose under an invertable change of variables 

(y = P{x,u,u^,U 2 ocr--), 

Qi^i ^1 ^xi '^ 2 x 1 ■ ■ ■)) 

the equation Ut = F{u, u^, • • •, Unx) is associated with Vt = F(n, Vx, - ■ ■, Vnx), then any 
symmetry of the former is mapped to that of the latter by the operator 

Ci = Qu-{d^P)-\dxQ)Pu. (14) 


where Qu (Pu respectively) denotes the Frechet derivative of Q (P respectively) with 
repeat to u. Let us take the reciprocal transformation To as an example. It could be 
reformulated as 


To: 


y =dx^u 

w = u^, 


2 

X 


SO symmetries of the HS equation are changed into those of Equation @ by the operator 
Dq Ox Ux ^2x0x (2'Ux)*9x Ox 'Ux^^x^x '^x ^^^x '^xOx 
= UxdxU^ = w dyW dy • 


4 . 1 . k‘^\u), Kf\u) and Kf\u) in new variables 

With the Hamiltonian operator and a conserved density M^G(r 2 , rs, • • •, r„), a class 
of symmetries of the HS equation ([2|), given by 

K 2 n-i{u) = df^ 5 u{ulG{r 2 , rs,---, r„)), 

can be mapped to symmetries of Equation (jll) by the operator Do. For instance, the 
third order symmetry 

Ksiu) = df^ 6 uiulG{r 2 )) 

= (uf^usx - + 2uf^U2xG'{r2) - 2ux,G{r2) 

where the primes stand for derivatives of G with respect to r 2 , turns into 

^oP-3(d^')\ua:=W, dx=w'^dy 

= (w3y - Gw~^WyW2y + 6w~‘^Wy'^G"{w~‘^Wy) 

+ (^w~‘^wly — 4:W~^WyW2y + Aw~'^wfjG'"{w~‘^Wy), 
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which is a generic third order symmetry of Equation (jl]). Assuming w = —v Equation 
dH) is converted to n* = 1 and its symmetry K^{w) becomes 

K^{y) = v'^ = v^yG"{vy) + vlyG"'{vy). 

Thus, the precise form of symmetries depends on G. Particularly taking appropriate 
G’s, for k'^\u), Kf\u) and our results are listed below. 

(i) G{») = and the corresponding symmetries: 


K. 


( 1 ) 


(w) = —W^Wy^^'^WSy + ^w'^Wy^/'^wl 


K. 


( 1 ), 


:-) = r"'' 






(ii) G(») = (•) and the corresponding symmetries: 


K. 


( 2 ), 


3 (“) = “3X 


12m^M22, , 


Kf\w) = 2w^Wy ^wsy — 6w^Wy ^wly + l2w^Wy ‘^W 2 y — I2w^, 

'( 2 ), 


-4 2 

A '^ 2 y 


(hi) G'(«) = 


^3 Vsy - 6 Vy 

)^, and the corresponding symmetries: 


K^^\u) = 2u^^U3x — Qu 


“'2a:; 


Kf\w) = 2 w 3 y — I2w ^WyW 2 y + 12tc ^Wy, 
K'i\v) = 2v,,. 


The very last formula shows that the flow equation defined by (u) is a linear equation 
in disguise. However, the flow equations associated with the other two, namely kI^\u) 
and K^\u), still do not reveal themselves. To see their real faces, additional actions 
must be taken. 

Regarding a change of variables is defined as 


r = V. 


yi 


which plays the role of a reciprocal transformatioi]!^. Following the general changing 
rule of symmetries, K^\v) is mapped to 

K‘i\r) = r^/‘^d,r-^/^df^r-^/‘^d^K'i\v)\ a„=ri/2a. 


1 3 15 _2 3 

= -^^3^ - -r r^r2z +—r r^. 


§ The flow equation of K^\v), i.e. Vr = k2'\v) has a conservation law, i.e. 

dr{vy^) = dy : 

which implies a reciprocal transformation (y, t, v) —>■ (z, r, r) defined by 


dz = ^V3y - -^1 


-^Vy^vLjdt, r{z,t)=Vy. 
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Then assuming p = Inr, we get 

K'i\p) = e-PK'i\r)\r=ev = 

whose flow equation is nothing but the potential modifled Korteweg-de Vries (KdV) 
equation 

1 1 , 


P. = 4^3. - 

For K^\v), we introduce new variables as 
z = V 


(15) 


r = V, 


2/’ 


which should also be understood as a reciprocal transformation defined on a conservation 
law of the equation Vr = K^\v). After such transformation, K^\v) turns into 


Kf\r) = r^d^r ^{v)\yy=r, ay=ra. = V^r 2 ^ + 12r 


'( 2 ) 


,-2„3 


which, after assuming p = —r is transformed to a linear symmetry 
K^^\p) =p‘^K^^\r)l=_p-i = 2p3,. 

Under successive changes of variables, three leading symmetries, Kf\u) 

(Q'\ 

and -Ag {u)^ are respectively related to either linear or famous integrable equations, and 
the whole process is illustrated in the following diagram. 


K'i\n) Kl‘’(w) 


W=Ux 


Kf\u) Kl^\w) 


W=Ux 


hf\u) J2ZZI, Ay'(tu) 


f'( 

'(3) I 


Q -1 1/2 


K'P(v) 

\ Kf\v) 


> /4‘>(r) Al‘'(p) 


Z=v P=-v 1 


Kr{r) 


( 2 ), 


> K)t\p) 


W=Ux 


i Af>(„) 


Enlightened by these results, we will consider three hierarchies A 2 „^ 3 (m), 

and A 2 ^^_^ 3 (m) {n = 0,1,2,---) by exploring their recursion operators under the 

transformations stated above. 


4 -2. TZ^^^u), TC2 \u) and TZ^^\u) in new variables 

For convenience, we recall the behavior of recursion operators under changes of variables, 
which is also included in [6l |5]: Suppose the equation ut = F{u, Ux, • • •, Unx) is converted 
to vt = F{v,Vx, ■ ■ ■ ,Vnx) by the transformation 17^) . then their recursion operators, 
lZ{u) and 'R.{v), are related to each other via 

= DA(-u)D \ 

where the operator D is defined by Equation [I4\). 
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With the help of above transformation rnle of recursion operators, we may deduce 
recursion operators corresponding to the variants of K^\u) from and they are 

given by 

= Aw'^Wy^dy - {Qw‘^Wy‘^W2y ^ 4 W ^ - 2w'^Wy‘^W3y + ‘iw'^Wy^wly 

+ AwWy^W2y + {wyW3y + ‘^wl^w‘^Wy^/‘^dy^W~^Wy^^‘^W2y 
+ {2wyW3y - ?>wl^w‘^Wy^^‘^dy^w~'^wy‘^, 

7^d)(y) = v'^ = 

= AVy^dl - QVy^V2ydy - 2Vy\3y + ^Vy^ly 

7^(1)(^) ^ Q^^ri/2Q}jdf^r^/‘^dy/‘^df^r- 

= Adi ~ Sr~^rzdz — Ar~^r2z + 7r~'^rl + r^df^ (^r~^r2z — r~^rlj , 

and 

7^(b('p) = e~p(n^^\r)\r=eP^eP = Adi - pI + Pzdf^P2z, 

which is the recursion operator of K^^\p), or equivalently, the potential modified KdV 
equation ([15]). Thererfore, the hierarchy of symmetries K 2 n+ 3 {u){n = 0,1, 2, • • •) of the 
HS equation has its roots in the potential modified KdV hierarchy. 

Along the route from Kf\u) to K^\p), is step by step changed to 

— 2w^wpdy - l^6w'^wpW2f, — - 2w\’pW3y 

+ Qw'^Wy^wly - AW^Wy‘^W2y, 

kS^\v) = v'^ {n^‘^\w)\yj=_^-i^v~‘^ 

= 2Vy^dl - 6Vyh2ydy - 2Vyh3y + GVy^ly, 

n^^\r) = r^dzr-^(n^^\v)\yy=r, 

= 2dl — 8r~^rzdz — Ar~^r2z + 12r~'^rl, 

and 

7^(2)(p) = p‘^(n^‘^\r)l=_p-i^p-^ = 2dl, 
which generates a hierarchy of linear symmetries 

kS!+3(p) = n^^HpridHp) = 2 "+‘ p ( 2 „+ 3 ).. {n = 0 , 1 , 2 ....). 
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(Of) 

Consequently, any member in the hierarchy K 2 f^^{u){n = 0,1,2, • • •) can he linearized 
through a series of changes of variables. 

Following the tracks of K^\u), TZ^^^u) turns into 

Dq ^7^3 (it) 

= 2dy — 8w~^Wydy — Aw~^W2y + 12w~‘^Wy, 

and 

7^3(u) = (n3{w)\.^=_y-i'^v~‘^ = 2dy, 

which generates a hierarchy of linear symmetries 

At’+3(t') = ’(w) = 2“+^(2„+3,., (n = 0, 1 .2. • ■ ■). 

Hence, the hierarchy iF 2 ^^ 3 _ 3 (M)(n = 0,1,2, •••) is also linearized through even less 
changes of variables. 

Remarks: These recursion operators are all hgured out with the help of 
SUSY2, a package [H] designed by Popowicz for the computer algebra system 
Reduce. The calculations involved require certain manipulation of the expressions with 
multiple integrating operators, like dy^w^Wyd~^, d~^ ( 2 w’^WyW 2 y + kw^~^w^d~^ and 

dy^ { 2 w^W 3 y — k{k — l)w’‘~‘^Wy^ dy^, and indeed the multiplicity of integrating operators 
could be reduced through integration by parts, for instance 

dy^W^Wydy^ = ^ ^ ^ ^ ^ ^ ^ -f) 

dy^ {2W^WyW2y + kW^~^W^dy^ = W^Wydy^ — dy^W^Wy, 

dy^ (2w^W3y - k(k - l)w^~‘^wfjdy^ 

= (^w’^W2y - dy^ - dy^ (^w’^W2y - . 


4 . 3 . Recursion operator of K^^\u) 


As mentioned before, there is supposed to be another hierarchy of commuting 
symmetries leading by K^^\u), but its recursion operator is still absent. In this 
subsection, we manager to establish its recursion operator via the link between (u) 
and the Fordy-Gibbons equation [7]. 

Let us demonstrate the process of relating K^^\u) with the Fordy-Gibbons 
equation. Firstly applying the reciprocal transformation To to we have 

Af V) = D„Af 


Secondly assuming v = —w we get 





(4) 


5/3 


5 (w^) |ui=-j;-l g^'^y 


10 

Y 


8/3 

Ry 


Voi VsyVAy + —Vod V. 


80 
—-i 
81 


11 / 3 ^ 

'2?/ 


3 

3y 
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Thirdly introducing a reciprocal transformation 

r = V 2 y, 

and applying it to yields 


10 


70 


^2y=r, dy—r^l'^dz 

380 _2 2 


620 


= - —r r,r4z - + —r 

1180 _n n 4160 _4 . 

-r r r 2 z + _ r r,. 


-2 2 
r 


81 


Finally let p = r ^r^/3, then we obtain 


Kt\p) = exp {-W, V)^r(?^)lr=exp(39yip) 


1 


729 


44), 


= g (pbz - 5pzP3z - SpVsz - ^pIz - ‘^0ppzP2z - 5pl + 5p^p ^^, 


whose flow equation is just the Fordy-Gibbons equation [7], also known as a common 
modification of the Sawada-Kotera equation and the Kaup-Kupershmidt equation. 

From the recursion operator of the Fordy-Gibbons equation, deduced from that of 
the Sawada-Kotera (or Kuper-Kupershmidt) equation via a Miura-type transformation, 

^ g^(^g^ 2p)df^{dz - p){d^ + p)dz{d^ - p){d^ + p)df^{d^ - 2p), 

we may derive the recursion operator of [u] in different coordinates as follows 


(r) = rd^ ^ 


-1 


p=r ^r^i3idzr 




r=V2y, dz=V 2 f^^dy 




— v~^d^v~^d 

— Uy V2y Oy U2y Uy U2y OyV2y Uy V2y Oy U2y Uy U2y UyV2y 


^y ^2y ^y ^2y ^y ^2y ^y ^2y ^y ) 


and 




= (n) | 


w=u^, dy=u~'-‘dx '^xdx 


Uy.^dxUjdy,^Uy,dx 


-1 o -2 

X i Cfy—Ux 

X Ox '-'xOx'Ox OxUy. a^U^ ^3 Ux! ^3 U^l ^3 U^l 

-lo -2o ^l/3o-l 2/3o -l,-2r. n 2^-1/3 o-l -2/3 


• (% dx) rg Ux dxTf dx rf dxV^ dx) ' dx ' dxW 


-1 

X 


dx^x ^X ^X^x 
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where r^ is introduced by Lemma [U (u) in present form is rather involved and it 
would be interesting to find a simpler version for it. Unfortunately, we failed to do so 
due to the fractional powers of r^. 

5. Conclusions 

On the basis of a simple conservation law, a reciprocal transformation To was defined 
and adopted to convert the HS equation ([T]) to Equation (|1]), whose symmetries is easily 
accessible due to its equivalence tovt = I, and enabled us to unveil remarkable properties 
of the HS equation from a new angle. Through the inverse of To, a class of conserved 
densities for the HS equation were easily constructed from inhnitesimal symmetries of 
Equation (jl]), and expressed as arbitrary functions of basic variables r^ik = 2,3, • • •), 
which are images of Vk-, invariants of ft = 1, under the inverse of Tq. In addition, 
conserved densities satisfying (IT^ and even nonlocal ones were also presented. 

Benehted from involution of the conserved density u^. with others. To was applied to 
symmetries of the HS equation, and allowed us to essentially get a better understanding 
of them. Through appropriate changes of variables beginning with To, three hierarchies 
of commuting symmetries of the HS equations were either converted to symmetries 
belonging to the potential modified KdV hierarchy, or even linearized. Following the 
same strategy, we constructed a hereditary recursion operator for a hfth order symmetry 
Kf\u). 

This paper reasonably explains exotic features discovered by Wang [20] on the one 
hand, and launches some new questions about the HS equation on the other hand. 
For instance, are there other hierarchies of commuting symmetries leading by some 
special K^{u)l What will happen if one studies commutativity of symmetries generated 
by conserved densities given by Proposition [2]? The most interesting and challenging 
question may be how to completely find out conserved densities and symmetries for the 
HS equation. 
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Appendix A. Nonlocal conserved densities of the HS equation 

Since the HS equation has a conservation law 
dtul = d^{2uul), 
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we introduce a potential v such that 
\vx = ul 
[uf = 2uul, 

and rewrite the evolution form ([ 2 ]) of the HS equation as 

Ut = 2uux — V. 

With the potential v and r^’s dehned in Lemma [H we have 
Lemma 2 Let Rk = v'^Vk (fc = 1, 2, • • •), then 

dtRi = 2u{dxRi) + and dtRk = 2u{dxRk) (k = 2,3, ■ ■ ■). 
Proof: Direct calculation. 


(A.l) 


(A.2) 


I 


Proposition 3 For the HS equation (QP, F{v,u,Ux,U 2 x, ■ ■ ■ ,Unx) serves as a conserved 
density such that 


(A.3) 


dtF{v, U, Ux, U2xi ' ' ' 1 Unx) dx (^uF(v, U, Ux, U2xi ' ' ' 1 Ujix'i'j ■ 

if and only if 

F{v, U, Ux, U2x, • • • , Unx) = V~\IG{v, VU - , R 2 , R 3 , ' ' ' , Rn), 

where G is an arbitrary smooth function of its arguments. 

Proof; The sufficiency is proved by direct calculation, while the necessity will be shown 
by solving all conserved densities in Equation flA.3p . 

Through an invertible change of coordinates 

r . {v^ '^2x1 ’ ' ’ 1 ^nx ) 1 -^ {v,U, Ri, i? 2 , • • • , Rn), 

which is well-dehned since dRk/dukx = {k = 1 , 2 ,---), the conserved density 

F{v,u,Ux,U 2 x, ■ ■ ■ ,Unx) Hiay be reformulated as F{v,u, Ri, R 2 , ■ ■ ■, Rn)- Then the 
conservation law flA.3p is calculated as 


0 = dtF{v, u, Ri, i? 2 , • • •, Rn) - dx 


dF dF ^ ,dF dF dF 

= Vt^ + Ut^+} [OtRkjTTF^ - 2uVx^ - 2uUx - 

ov ou oRk 

k=l 

dP 


V,U,Ri,R 2, - ■ ■ ,Rn) 

dP dP 

A 2'U'U3;"r 

ov ou 


- 2u'^{dxRk)w^ - ‘2uxP 
orik 


k=l 


Replacing Uj,, Vt, Ut and {dtRk) by Equations flA.ip . flA.2p and those in Lemma [21 then 
simplifying these expressions yields 

Solving it by the characteristic method, we obtain the conserved density in coordinates 

{v,U,Ri,R 2, - ■ ■ ,Rn) 

P{v, u, Ri, R 2 , • • • , Rn) = Rf‘^G{v, VU + Ri, R 2 , R 3 , • • • , Rn), 
where G is an arbitrary smooth function. I 
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